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SYMMETRY BREAKING FOR
SCHRO¨DINGER-POISSON-SLATER ENERGY
JACOPO BELLAZZINI AND MARCO GHIMENTI
Abstract. We study the asymptotic behavior of ground state energy for
Schro¨dinger-Poisson-Slater energy functional. We show that ground state en-
ergy restricted to radially symmetric functions is above the ground state energy
when the number of particles is sufficiently large.
The aim of this paper is to show symmetry breaking phenomena for the ground
states energy of the following Schro¨dinger-Poisson-Slater (SPS) equation,
(0.1) iψt +∆ψ − (|x|−1 ∗ |ψ|2)ψ + |ψ| 23ψ = 0 in R3,
where ψ(x, t) : R3 × [0, T )→ C is the wave function, ∗ denotes the convolution,
and the nonlinear term |ψ| 23ψ is the Slater correction term.
This Schro¨dinger-type equation with a repulsive nonlocal Coulomb potential is
obtained by approximation of the Hartree-Fock equation describing a quantum
mechanical system of many particles, see e.g. [1, 12, 7]. As example, SPS equa-
tion gives a good approximation of the time evolution of an electron ensemble in a
semiconductor crystal. In particular, in this mean field approximation the quan-
tity
∫ |ψ|2dx = ρ2 describes the total amount of particles. The energy associated
to a state ψ is defined as
E(ψ) :=
1
2
‖∇ψ‖2L2 +
1
4
∫
R3
∫
R3
|ψ(x)|2 |ψ(y)|2
|x− y| dxdy −
3
8
∫
R3
|ψ| 83dx.
We define the ground state energy the quantity Iρ2 , defined as
Iρ2 = inf
Bρ
E(ψ)
where Bρ := {ψ ∈ H1(R3) such that ‖ψ‖22 = ρ2}.
Very briefly we summarize what is known about Iρ2 (see e.g [6], [5], [4], [10],
[15], [8])
(i) −∞ < Iρ2 < 0 for all ρ > 0
(ii) the ground state energy is weakly subadditive, namely that
Iρ2 ≤ Iµ2 + Iρ2−µ2 for all 0 < µ < ρ
(iii) the function ρ→ Iρ2 is continuous
Key words and phrases. Symmetry breaking, Schro¨dinger-Poisson-Slater energy, constrained
minimization.
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(iv) limρ→0
I
ρ2
ρ2
= 0
(v) minimizers for E on Bρ exist when ρ is sufficiently small
(vi) minimizers for E on Bρ are radially symmetric when ρ is sufficiently small
If we define
Iradρ2 = inf
Bradρ
E(ψ)
where Bradρ := {ψ ∈ H1(R3) radially symmetric such that ‖ψ‖22 = ρ2} it is not
clear if
Iradρ2 = Iρ2 for all ρ > 0. (Q)
We shall emphasize that for Schro¨dinger-Poisson-Slater energy there are two
terms that are in competition when we move from u to u⋆, the symmetric de-
creasing rearrangement of u. Indeed, it is well understood that for kinetic term∫
R3
|∇u⋆|2dx ≤
∫
R3
|∇u|2dx
while for the Coulomb term thanks to Riesz inequality∫
R3
∫
R3
|u(x)|2 |u(y)|2
|x− y| dxdy ≤
∫
R3
∫
R3
|u⋆(x)|2 |u⋆(y)|2
|x− y| dxdy
such that the question (Q) is still open.
Aim of this paper is to give an answer to question (Q). The fact that the energy
functional as well as the L2 constraint is rotationally invariant does not imply that
the ground state energy for radially symmetric functions coincides with ground
state energy. Symmetry breaking can occur. This is exactly the case when ρ is
sufficiently large.
Theorem 0.1. There exists ρ0 > 0 such that Iρ2 < I
rad
ρ2
for all ρ > ρ0.
Remark 0.1. Our result does not clarify if minimizers for E restricted to Bρ exist
for large ρ. This is still an open problem.
Our argument is based on two ingredients. The first ingredient is the follow-
ing scaling invariant inequality that holds only for radially symmetric function
involving the kinetic term, the Coulomb term and Lp norms.
(0.2) ‖ϕ‖Lp(R3) ≤ C(p, s)‖ϕ‖
θ
2−θ
H˙s(R3)

 x
R3×R3
|ϕ(x)|2|ϕ(y)|2
|x− y| dxdy


1−θ
4−2θ
with θ =
6− 5
2
p
3−ps−p
. Here the parameters s and p satisfy
p ∈ (16s+ 2
6s+ 1
,
6
3− 2s ] if 1/2 < s < 3/2.
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In our case we will use (0.2) in case p = 8
3
and s = 1 to control from above
the Slater correction term in terms of kinetic energy and Coulomb energy. In
particular we obtain for radially symmetric functions that
(0.3) ‖ϕ‖
8
3
L
8
3 (R3)
≤ C‖∇ϕ‖
4
9
L2(R3)

 x
R3×R3
|ϕ(x)|2|ϕ(y)|2
|x− y| dxdy


5
9
The importance of the previous inequality in the radial case is that it relates
kinetic, Coulomb and Slater energy without information on the L2 norm of the
function.
The previous inequality will imply that infρ>0 I
rad
ρ2
> −∞.
Remark 0.2. Lp lower bounds in terms of kinetic and Coulomb energy are not a
novelty (see e.g. [2] for the general case). The first result concerning an improve-
ment in radial case is due to Ruiz [14] (see also [13]) using a weighted Sobolev
embedding for radially symmetric functions due to [16]. The scaling invariant ra-
dial bound (0.2) is proved in [3] using a pointwise inequality found by De Napoli
[9] together with a lower bound for the Coulomb energy due to Ruiz [14].
The second ingredient is the asymptotic behaviour of the function
(0.4) ρ→ Iρ2
ρ2
for a translation invariant energy functional. We will show in Lemma 1.2 that
the behaviour of ρ→ Iρ2
ρ2
will imply that
Iρ2 < Iµ2 for all 0 < µ < ρ
inf
ρ>0
Iρ2 = −∞
and hence our main result.
Remark 0.3. The importance of the function of ρ→ Iρ2
ρ2
to show existence of min-
imizers is well established, see e.g. [6]. Indeed, the strict subadditivity inequality
Iρ2 < Iµ2 + Iρ2−µ2 for all 0 < µ < ρ
which implies the existence of minimizers follows immediately from the strict
monotonicity of the function of ρ → Iρ2
ρ2
. In the radial case, sufficient condition
for the existence of minimizers is the strict monotonicity of ρ → Iρ2 . Here we
show that the ratio between ground state energy and number of particles is crucial
also for symmetry breaking.
Remark 0.4. We notice that our argument is general and symmetry breaking
appears if we substitute the energy functional with
E˜(ψ) :=
1
2
‖∇ψ‖2L2 +
1
4
∫
R3
∫
R3
|ψ(x)|2 |ψ(y)|2
|x− y| dxdy −
1
p
∫
R3
|ψ|pdx
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for 18
7
< p < 3. This fact follows again from the lower bounds for radially sym-
metric function (0.3). The exponent p = 18
7
is the left endpoint exponent for
which (0.3) holds.
Remark 0.5. We notice that limρ→∞
Irad
ρ2
ρ2
= 0. Indeed, arguing as Theorem 1.2 in
[14] or Theorem 2.2 in [3], there exist a family of functions uρ ∈ Bradρ with ρ→∞
with kinetic and Coulomb terms uniformly bounded and vanishing Slater term.
This fact implies that supρ I
rad
ρ2
< +∞.
Our last result concerns ground state energy in the radial case
Theorem 0.2. The following alternative holds: either the function ρ → Irad
ρ2
is
monotone decreasing which implies the existence of minimizers for E(u) on Bradρ
for all ρ > 0, or there exist a static radial solution to (0.1) belonging to L2(R3).
Remark 0.6. The existence of static radial solution to (0.1) has been proved for
the first time by Ruiz [14]. In [4] it has been shown that real solution to
(0.5) −∆ψ + (|x|−1 ∗ |ψ|2)ψ − |ψ|p−2ψ = 0
found by [11] belong always to H1(R3) if 3 ≤ p < 6. It remains open the case
p = 8
3
discussed here.
1. Proof of Theorem 0.1.
Lemma 1.1. Let u ∈ Brad
ρ2
then there exist K1 > 0 not depending on ρ, such that
E(u) > −K1.
Proof. Let us call
x = ||∇u||2L2(R3)
y =

 x
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy

 .
From inequality (0.3) one gets
E(u) >
1
2
x+
1
4
y − C
p
x
2
9y
5
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which immediately implies that E(u) is bounded from below by a constant not
depending on ρ.
In the general case, when we substitute the exponent 8
3
for the Slater term with
18
7
< p < 3, we get
E˜(u) ≥ 1
2
x+
1
4
y − C
p
x
5
6
p−2y1−
p
6 ,
which again proves that the energy is bounded from below by a constant not
depending on ρ.
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
We have the following general result for ground state energy of translation
invariant energy functionals
Lemma 1.2. Let the function ρ→ Iρ2 fulfills the following conditions
(1.1) −∞ < Iρ2 < 0 for all ρ > 0
the ground state energy is weakly subadditive, namely that
(1.2) Iρ2 ≤ Iµ2 + Iρ2−µ2 for all 0 < µ < ρ
(1.3) the function ρ→ Iρ2 is continuous
(1.4) lim
ρ→0
Iρ2
ρ2
= 0
then
Iρ2 < Iµ2 for all 0 < µ < ρ
inf
ρ>0
Iρ2 = −∞
Proof. The strict monotonicity of the function ρ→ Iρ2 follows immediately from
(1.1) and (1.2).
Let we argue now by contradiction assuming that there exist K2 > 0 such that
Iρ2 > −K2 for all ρ > 0. In this case we would have limρ→∞ Iρ2ρ2 = 0. By conditions
(1.1), (1.3) and (1.4) the function ρ → Iρ2
ρ2
attains a global minimum, i.e. there
exists ρ0 such that
Iρ20
ρ20
≤ Iρ2
ρ2
for all ρ > 0.
On the other hand, by the weak subadditivity condition (1.2),
I2ρ20
2ρ20
≤ Iρ20 + Iρ20
2ρ20
=
Iρ20
ρ20
which implies that the function ρ→ Iρ2
ρ2
attains a global minimum also at
√
2ρ0.
The same argument shows that
Ikρ20
kρ20
=
Iρ20
ρ20
for all k ∈ N
which implies that lim infρ→∞
I
ρ2
ρ2
< 0 that contradicts the fact that limρ→∞
I
ρ2
ρ2
=
0. 
We show now that Iρ2 fulfills the assumptions of Lemma 1.2, see also [6], [15].
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Lemma 1.3. The function ρ→ Iρ2 fulfills the following conditions
−∞ < Iρ2 < 0 for all ρ > 0
Iρ2 ≤ Iµ2 + Iρ2−µ2 for all 0 < µ < ρ
the function ρ→ Iρ2 is continuous
lim
ρ→0
Iρ2
ρ2
= 0
Proof. For generality we substitute the exponent 8
3
for the Slater term with 18
7
<
p < 3. The weak subadditive inequality is a general fact for translation invariant
energy functionals, see e.g [15].
We define the following quantities:
A(u) :=
∫
R3
|∇u|2dx, B(u) :=
x
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy C(u) := −
∫
R3
|u|pdx.
Negativity :
Let us consider, for u ∈ B1, the rescaled function given by
uθ,β(x) = θ
1− 3
2
βu(
x
θβ
)
so that ρ¯ := ‖uθ,β‖2 = θ. We easily find the following scaling laws:
A(uθ,β) = θ
2−2βA(u),
B(uθ,β) = θ
4−βB(u),
C(uθ,β) = θ
(1− 3
2
β)p+3βC(u).
Notice that for β = −2 we get
E(uθ,−2) =
θ6
2
A(u) +
θ6
4
B(u) +
θ4p−6
p
C(u)
and we have 4p − 6 < 6 since p < 3. Hence for θ → 0 we have E(uθ,−2) → 0−.
This proves that there exists a small θ, and therefore a small ρ¯, such that
Is2 < 0 ∀ s ∈ (0, ρ¯].
By weak subadditivity Is2 < 0 for all s.
Continuity :
We first prove that if ρn → ρ then limn→∞Eρ2n = Iρ2. For every n ∈ N, let
wn ∈ Bρn such that E(wn) < Eρ2n + 1n < 1n . Therefore, by using the interpolation
and the Sobolev inequality, we get
1
2
‖∇wn‖22 − Cρ
6−p
2
n ‖∇wn‖
3(p−2)
2
2 ≤
1
2
‖∇wn‖22 −
1
p
‖wn‖pp ≤ E(wn) <
1
n
.
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Since 3(p−2)
2
< 2 and {ρn} is bounded, we deduce that
{wn} is bounded in H1(R3).
In particular {A(wn)} and {C(wn)} are bounded sequences, and also {B(wn)}
since
∀ u ∈ H1(R3) : B(u) ≤ C‖u‖4H1(R3).
So we easily find
Iρ2 ≤ E( ρ
ρn
wn) =
1
2
(
ρ
ρn
)2
A(wn) +
1
4
(
ρ
ρn
)4
B(wn) +
1
p
(
ρ
ρn
)p
C(wn)
= E(wn) + o(1) < Iρ2n + o(1).
On the other hand, given a minimizing sequence {vn} ⊂ Bρ for Iρ2 , we have
Iρ2n ≤ E(
ρn
ρ
vn) = E(vn) + o(1) = Iρ2 + o(1).
We get limn→∞ Iρ2n = Iρ2 .
Asymptotic behavior at zero:
In order to show that limρ→0
I
ρ2
ρ2
= 0, we notice that
Gρ2
ρ2
≤ Iρ2
ρ2
< 0
where Gρ2 is defined by
(1.5) Gρ2 = inf
Bρ
G(u)
where
G(u) =
1
2
‖∇u‖2L2(R3) −
1
p
∫
R3
|u|pdx.
It is well established that minimizers for Gρ2 exist for all ρ (indeed it is not
difficult to show that the function ρ→ Gρ2
ρ2
is monotone decreasing). Let us call
u¯ ∈ Bρ2 the minimizer for Gρ2, i.e the unique positive solution to
−∆u− λρu− |u|p−2u = 0
where λρ < 0 is the corresponding Lagrange multiplier. By Pohozaev identity it
follows that
E(u¯) = Gρ2 = cλρρ
2.
To conclude we shall prove that limρ→0 λρ = 0.Taken u˜ the unique positive solu-
tion to
−∆u + u− |u|p−2u = 0
we have by scaling that u¯ = (−λρ)
1
p−2 u˜(
√
(−λρ)x) and hence
ρ2 = ||u¯||2L2(R3) = (−λρ)
2
p−2
−
3
2 ||u˜||2L2(R3)
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and noticing that 2
p−2
− 3
2
> 0 for p < 10
3
we get the required estimate. 
Proof of Theorem 0.1.
By Lemma 1.2 the ground state energy Iρ2 is strictly decreasing as a function
of ρ and infρ>0 Iρ2 = −∞. On the other hand by Lemma 1.1, for radially sym-
metric functions infρ>0 I
rad
ρ2
> −∞ and therefore symmetry breaking occurs for
sufficiently large ρ. 
2. Proof of Theorem 0.2.
The fact that the strict monotonicity of ρ → Irad
ρ2
is sufficient for proving the
existence of minimizers in the radial case follows immediately from the weak con-
tinuity of the Coulomb energy and of Slater energy. Indeed, taken a minimizing
sequence un ∈ Bradρ2 , un ⇀ u 6= 0. Let us assume by contradiction that u ∈ Bradµ2
with 0 < µ < ρ, such that
Iradµ2 + o(1) ≤ E(u) + o(1) = E(un) = Iradρ2 + o(1).
On the other hand, Irad
µ2
> Irad
ρ2
and therefore µ = ρ and u is a minimizer for E
on Bradρ2 .
It has been proved in [10] that Iρ2 = I
rad
ρ2
for sufficiently small ρ. On the other
hand, by the weak subadditivity inequality it is clear that Iρ2 < Iµ2 for 0 < µ < ρ.
This fact proves that for sufficiently small ρ, Irad
ρ2
< Irad
µ2
.
Let us define c := min[0,ρ] I
rad
s2 < 0 and
ρ0 := min
{
s ∈ [0, ρ] s.t Irads2 = c
}
.
It is clear that ρ0 > 0 and
(2.1) ∀ s ∈ [0, ρ0) : Iradρ20 < I
rad
s2
namely, the function [0, ρ0] ∋ s 7→ Is2 ∈ R− achieves the minimum only in s = ρ0,
by definition of ρ0. From this fact we deduce the existence of u¯ ∈ Bρ0 such that
E(u¯) = Irad
ρ20
, and therefore u¯ fulfills
(2.2) −∆u+ (|x|−1 ∗ |u|2)u− |u| 23u = 0
where λ is the associated Lagrange multiplier.
Now let us suppose that ρ0 < ρ, which implies the existence of a sequence θn > 1
with θn → 1 such that
E(θnu¯) ≥ E(u¯) with θn → 1
and
E(θu¯) ≥ E(u¯) with 0 < θ < 1.
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This fact implies that
d
dθ
E(θu¯)|θ=1 = 0,
and therefore the identity
(2.3)
∫
R3
|∇u¯|2dx+
x
R3×R3
|u¯(x)|2|u¯(y)|2
|x− y| dxdy −
∫
R3
|u¯| 83dx = 0.
From (2.3) we notice that the associated Lagrange multiplier in (2.2) is λ = 0,
and hence u¯ solves
−∆u+ (|x|−1 ∗ |u|2)u− |u| 23u = 0,
proving that u¯ is a static solution to (0.1) with u¯ ∈ Brad
ρ20
.
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